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At energies higher than the brane tension, the dynamics 
of a scalar field rolling down a potential are modified relative 
to the predictions of General Relativity. The modifications 
imply, among other things, that steeper potentials can be 
used to drive an epoch of slow-roll inflation. We investigate 
the evolution of entropy and adiabatic modes during inflation 
driven by two scalar fields confined on the brane. We show 
that the amount of entropy perturbations produced during 
inflation is suppressed compared to the predictions made by 
General Relativity. As a consequence, the initial conditions 
do not matter in multiple field inflation in brane worlds if 
inflation is driven at energies much higher than the brane 
tension. 
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Inflation provides an explanation for the origin of 
structures in the universe. In its simplest form, inflation 
is driven by a single scalar field, called the infiaton, which 
slowly rolls down a potential. Perturbations in the infia- 
ton field are adiabatic and obey Gaussian statistics [Q. 
However, this picture might be over simplistic as there is 
no reason to believe that inflation is driven solely by a 
single scalar field. Instead, the possibility that inflation 
is driven by a system of several scalar fields must be con- 
sidered. In particular, perturbations are, in general, no 
longer purely adiabatic. Entropy (or isocurvature) per- 
turbations can be generated. In addition, non-Gaussian 
fluctuations are now possible. In the case of multiple field 
inflation, there are no unique background trajectories for 
the fields and therefore predictions of density perturba- 
tions could depend on initial conditions 0. 

Current data do not exclude an additional entropy 
mode H^]. Future experiments such as the Microwave 
Anisotropy Probe (MAP), the Planck Surveyor, the 2 
Degree Field Galaxy Survey (2dF) and Sloan Digital Sky 
Survey (SLOAN) will constrain deviations from the stan- 
dard predictions of single scalar field inflation. These 
prospects motivated recent work to consider multi-field 
inflation and the consequences for density perturbations 

In the case of brane worlds based on the model of Ran- 
dall and Sundrum ||, inflation driven by a scalar field 
confined on the brane has been considered (see e.g. 
|l2|] . It was shown that the correction of Einstein's equa- 
tion at high energies lead to a suppression of the usual 
slow roll parameters due to the enhanced damping of the 
scalar field. This in turn implies that the spectral in- 
dex of the spectrum of perturbations is nearer one for a 
given potential compared to the predictions of General 



Relativity. In this letter we point out that the enhanced 
damping implies that the generation of entropy perturba- 
tions is suppressed in the case of multiple-field inflation 
on the brane for a given potential. We also deduce that 
steeper potentials are needed to create the same amount 
of entropy modes as in usual four-dimensional gravity. 
Furthermore, any transfer of non-Gaussianity from the 
entropy modes to the adiabatic modes is suppressed. If 
inflation is driven at energies much higher than the brane 
tension, the results of density perturbations in multiple 
field inflation become independent of the initial condi- 
tions. 

General Relativity: Before we consider inflation on a 
brane, we review briefly the results obtained in General 
Relativity jljj. It turns out the form of the equations 
are not modified in the case of the brane world model we 
consider. 

To be precise, we consider the case of two scalar fields, 
cj> and x, which are slowly rolling down some potential 
V((j>,x)- The equations of motion are governed by the 
Friedmann equation and Klein-Gordon equations: 



4> + 3Hj> + = 0, 
X + 3Hx + V x = 0, 



(1) 

(2) 
(3) 



where p is the energy density of both fields. We assume 
that the fields are slow-rolling, implying that the param- 
eters 
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are small. A convenient formalism to study entropy per- 
turbations was presented in |1 which we will use here. 
Instead of working with the fields <j> and x it is useful to 
perform a field rotation as follows: 



with 



cos( 



5a = (cos 9)S(f> + (sin 9)5x 
5s = —(sin 9)5(f> + (cos 9)5x, 



sin 9 
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a is called the adiabatic field and s is called the entropy 
field. The meaning of the names of the fields becomes 
clear when one considers their fluctuations. 

The line-element for arbitrary scalar perturbations of 
the Robertson- Walker metric for a spatially flat universe 
reads (using the notation of ||) 



ds 2 = -(1 + 2A)dt 2 + 2a 2 B, l dx l dt 
+ a 2 [(1 - 2ij))8ij + 2E,ij] dx l dxK 



(8) 



The gauge-invariant curvature perturbation, defined as 
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(9) 



is, on very large scales, constant for purely adiabatic per- 
turbations (see e.g. [jl4j and references therein). How- 
ever, entropy perturbations are a source for the curvature 
perturbation (^J). In addition, the entropy perturbation 
between two species A and B, defined as 
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(10) 



where ni are the number densities of the particle species 
i, can evolve in time, even on superhorizon scales. There- 
fore it was argued |L3| , that on very large scales in general 
we have the following equations describing the evolution 
of 1Z and S: 



K = aHS 
S = [3HS 



(11) 
(12) 



For the case of the two slow-rolling scalar fields and in 
the spatial flat gauge (ip = 0), 1Z and S are given by 



11 : 



and 



S = 



H U>5(f> + x^x) H5c 



H (J>6 X ~ xW) _ HSs 



(13) 



(14) 



Fluctuations in the field a are adiabatic perturbations, 
whereas fluctuations in s are entropic perturbations. On 
very large scales (k <C aH) and in the flat gauge the 
evolution of fluctuations are described as || : 

(5a)- + 3H(5a)- + (v aa - 9 2 ^j 5a = (15) 

-2V a A + aA + 205s)- - 2— 95s 

a 



and 



(5s)- +3H(6s)- + (V m -e 2 ) 5s = (16) 



-2- [a((5a)- - a A) - a5a] . 
a 



The metric perturbation A can be obtained from Ein- 
stein's equation and is given, in the flat gauge, by 



HA = 4ttG 4>5(j) + X 5x 



(17) 



It was shown in |T^] that for the case of two slow- 
rolling scalar fields, a and (3 in ( |ll|) and (12) are given 
in terms of the slow roll parameters 



a = -2r\ as , 
f3 = -2e + Vaa 



(18) 
(19) 



and are, therefore, specified by the potential V(<f>, x)- In 
the last two equations, the slow roll parameter are con- 
structed from the usual slow-roll parameter for (f> and x 
([|) and are given by 
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and 



r\$$ cos 6 + 2t]^ x cos 9 sin 9 + r\ xx sin 
,2/1 <-» „„„Q r ,;„a i „ „™2 , 



r\aa 

Vss — V4"t> sm2 — 2?7^ x cos 9 sin 9 + r\ xx cos 2 9, (21) 
(rj xx — Ty^^) sin 9 cos 9 + rj^^cos 2 9 — sin 2 9). 



The time evolution of 1Z and S between horizon crossing 
and some later time are given by 



1 Tizs 
T ss 



(22) 



where the asterisk marks the time of horizon crossing. 
The transfer functions T^s and Tss are given by 

T S s(t,U) = exp Qf l3(t')H(t')dt' 

Tns(t,U) = £ a(t')Tss(U,t')H(t')dt'. (23) 

Thus, in the case of two slow rolling scalar fields, the 
transfer functions are completely specified by the poten- 
tial through the slow-roll parameter. In the following we 
would like to find the changes of the evolution of adia- 
batic and entropy perturbations in brane world theories. 

Brane World in AdS: In the case of a brane embedded 
in an Anti-de Sitter spacetime, Einstein's equation is not 
valid at high energies. Here, modifications become im- 
portant in the form of a term which is quadratic in T^, 
the energy-momentum tensor of matter confined on the 
brane. In addition, the gravitational field in the bulk is 
encoded in the projection of the five-dimensional Weyl- 
tensor onto the brane. It was shown that the Einstein- 
equation has the from fll5{ 



(24) 



where Tl^ is the term quadratic in T^ v and E^ v is the 
projected Weyl tensor. For the case of a homogeneous 
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and isotropic expanding brane embedded in an Anti-de 
Sitter space {E^ v = 0), the Friedmann equation is given 
by 



H 2 



8ttG 



(25) 



In this equation A is the (intrinsic) brane tension and 
p is the total energy density of the scalar fields^- The 
equations of motion for scalar fields confined on the brane 
are given by the usual Klein-Gordon equations (|^) and 

@" 

It was shown in 19] that slow roll inflation driven by a 
single scalar field demands that the two slow-roll param- 
eters 
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are small. The number of e-folds is enhanced for a given 
potential compared to the usual four-dimensional case. 
It was also shown that the amplitude of scalar perturba- 
tions is enhanced relative to the standard result in four 
dimensions for a given potential. 

In the case of the two scalar fields <p and x? the set of 
slow-roll parameters is given by 
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(28) 



which implies the corresponding changes for the slow-roll 
parameters for the adiabatic field a and s. The changes 
in perturbations on brane worlds are two-fold. First, we 
perturb the spacetime away from Anti-de Sitter, meaning 
that the projected Weyl-tensor no longer vanishes, i.e. 
8E/J.V 7^ 0. However, in the case of a de Sitter brane and 
on large scales, it was shown that the Weyl contribution 
is negligible (e.g. [^6|). We therefore neglect that term. 
The second contribution is quadratic in T^, which we 
do not neglect. It implies that the metric perturbation 
A is now given by JItJ 



HA = 4ttG 1 



(29) 



Using ( |15[ ) and (pL6[) , it is not difficult to show that these 
changes imply that 



H-\Say ~ (2e - r, atT ) 5a - 2r ltTS 5s 



and 



H-^ds)- 



(30) 



(31) 



on large scales in the slow roll regime. These are exactly 
the same expressions found in |13| for General Relativity. 
This implies that the evolution of 1Z and S are given by 
the expressions 



K ~ -2Hi] as S 

S ~ [-2e - Vss + Vaa] HS 



(32) 
(33) 



Thus, we have found that the equations have the same 
form as in usual cosmology based on General Relativity. 
Therefore, the parameters a and (3 are the same as in eq. 
@ and @, but for a given potential they are reduced 
by a factor as X/V at high energies on the brane. At very 
high energies, i.e. V ^> A, we have that the ratios 1Z/S 
and S/S are suppressed by a factor « y/X/V. That 
means that the transfer functions (|2^) are significantly 
modified in that case. Indeed, for very large energies we 
have Tgs — * 1 an d Tus ~^ as V/X — > oo, meaning 
that entropy perturbations have less influence on adia- 
batic perturbations and even if entropy perturbations are 
created, the final correlation between the adiabatic and 
entropy modes would be suppressed. 

Our findings imply that, even in models with step po- 
tentials (see |1C|]) and multiple scalar fields, the produc- 
tion of entropy perturbations is suppressed, as long as 
the energies are much higher than the brane tension. 

It is not difficult to understand the physical reason for 
the results obtained so far. From equation (|l5|) and (|l6| ) 
we see that the angle 9 merely has to vary in order for 
the fields s and a to interact^. For the case of the slow- 
rolling scalar fields on the brane, the equation of motion 
for the angle 9 in the slow roll regime is given by 



-rt as H. 



(34) 



This equation holds also for General Relativity (see jl3[ ) . 
For a given potential, this equation implies that, for 
brane world inflation at high energies, 9 is almost con- 
stant, and therefore that the background trajectory will 
quickly follow a straight line (see figure). 

For the extreme case V/X — > oo, the equation above 
implies that 9 — > 0. In that case there is no efficient 
transfer of energy between s and a. Instead, s evolves 



1 We have assumed that the four-dimensional cosmological 
constant is negligible. 



Tf 6 is time varying, the background trajectory is curved. 
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like a background field which does not influence perturba- 
tions in a and the gravitational potential. Note that this 
also means that any transfer of non-Gaussianity from 
the entropy field s to the gravitational potential and/or 
the adiabatic field a is strongly suppressed (see [M for 
a recent discussion). 

X 



tions are based on the Randall-Sundrum model, we be- 
lieve that our conclusions carry over to other brane world 
models as well, such as models with a bulk scalar field 
|pj| . In these models, the brane tension is not necessarily 
constant but depends on the evolution of the bulk scalar 
field near the brane. As long as the time-evolution of the 
bulk scalar field is negligible compared to the evolution 
of the inflaton fields, our conclusions should hold. Oth- 
erwise, there will be a source for the curvature perturba- 
tion, coming from the apparent non-energy-conservation 
on the brane due to the bulk scalar field p0| |. 
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FIG. 1. Schematic sketch of the evolution of 4> an d X- the 
enhanced friction in brane worlds causes the fields quickly to 
move on a straight line after a short period of damping of the 
motion of the angle 8. 

Note that our findings do not imply that there are no 
entropy perturbations generated in brane worlds. In this 
letter we have discussed only the evolution of perturba- 
tions during inflation. In principle the power spectra in 
the radiation dominated epoch depend on the details of 
the decay of the fields </> and x an d therefore a calculation 
has to be made using a detailed theory of preheating in 
two-field inflation. 

After inflation, there is another source of entropy per- 
turbation, namely the projected Weyl-tensor in equation 
( p4| ) , which acts as a source term for perturbations on the 
brane. It could, in principle, produce entropy perturba- 
tions even at late times JT7J. However, the amplitude of 
the source term in ([l7|) for linear perturbations around a 
homogeneous-isotropic brane universe has not been cal- 
culated so far. 

To conclude, we have shown that the modifications to 
General Relativity implied by brane world scenarios can 
suppress the production of entropy perturbations during 
inflation driven by multiple scalar fields. The reason is 
that, for a given potential, the background trajectories 
are less curved in brane worlds due to the larger friction 
acting on the fields. In addition, if inflation is driven 
at energies much larger than the brane tension, the final 
power spectra do not depend on the initial conditions 
and/or trajectories of the fields. This also implies that 
any transfer of non-Gaussianity from the entropy field 
to the gravitational potential and/or adiabatic perturba- 
tions is suppressed. Thus, if any entropy perturbations 
are detected in the CMB and/or large scale structure, it 
would mean that either inflation on a brane happened at 
energies smaller than the brane tension or that steeper 
potentials have driven inflation. Although our calcula- 
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